Abstract: We consider combining of multiple laser beams into a single near diffraction-limited beam by beam self-focusing (collapse) in a Kerr medium. The beams with the total power above critical are combined in the near field and then propagated in the Kerr medium. Nonlinearity results in self-focusing event, combining multiple beams into nearly a diffraction-limited beam that carries the critical power. Beam quality of the combined beam is analyzed as a function of the number of combining beams and the level of random fluctuations of the combining beams phases. 17. P. M. Lushnikov and N. Vladimirova, "Non-gaussian statistics of multiple filamentation," Opt. Lett. 35, 1965Lett. 35, -1967Lett. 35, (2010 
Introduction
A quick increase of the output power of fiber lasers in the last two and half decades [1, 2] resulted in reaching ∼ 10kW in 2009 for the diffraction-limited beam [3] . Currently, 10-kW single mode and up to 100-kW multimode continuous-wave commercial fiber lasers are available [4] , although the beam quality is not yet specified. The growth of output power since 2009 has been mostly stagnated because of the encountered mode instabilities [2, 5] . Further increase of the total power of the diffraction-limited beam is possible through the coherent beam combining [6, 1] , where the phase of each laser beam is controlled, aiming to produce a combined beam with a coherent phase. Beam combining has been successfully demonstrated only for several beams. E.g., Ref. [7] has achieved combining of five 500W laser beams into a 1.9kW Gaussian beam with a good beam quality, M 2 = 1.1.
Nonlinearity is expected to be the key issue for further output power scaling of coherent beam combining [1] . In Ref. [8] we proposed that instead of trying to overcome this difficulty with nonlinearity, one can use nonlinearity to our advantage. We proposed to combine multiple laser beams with uncorrelated phases into a diffraction-limited beam using strong self-focusing in a nonlinear waveguide. Difficulty of that proposal is a significant variation of the distance to the collapse and sensitivity to phase distribution of the laser beams at the entrance to the waveguide. To mitigate this problem and to avoid catastrophic collapse, which could damage the waveguide, several approaches were proposed in Ref. [8] . Another option is to work with multi-core fiber [9] , which reduces the efficiency of nonlinear combining.
In this paper we consider a different approach to nonlinear beams combining that uses a slab of Kerr media instead of a waveguide. We now require that the phases of input beams are close to each other. The number of laser beams can vary significantly, as long as the total power exceeds the critical power of self-focusing. (In our simulations we used 3, 7 and 127 beams, but their number is straightforward to increase.) Figure 1a shows a schematic of the nonlinear beam combining in a slab of Kerr medium.
The paper is organized as follows. In Section 2 simulation settings are discussed together with the basic facts about collapses. Section 3 considers the beam quality M 2 of the combined beam and its sensitivity to the fluctuations of the phases of combining beams. In Section 4 the main results of the paper are discussed.
Basic equations and simulation parameters
We assume that the pulse duration is long enough to neglect time-dependent effects. (We estimate the range of allowed pulse durations below.) The propagation of a quasi-monochromatic beam with a single polarization through a Kerr media is given by the nonlinear Schrödinger equation (NLSE) (see e.g. [10] ): where the beam is propagating along z-axis, r ≡ (x, y) are the transverse coordinates, ψ(r, z) is the envelope of the electric field, ∇ ≡ ∂ ∂ x , ∂ ∂ y , k = 2πn 0 /λ 0 is the wavenumber in a medium, λ 0 is the wavelength in the vacuum, n 0 is the linear index of refraction, and n 2 is the nonlinear Kerr index. The index of refraction is n = n 0 + n 2 I, where I = |ψ| 2 is the light intensity. In fused silica n 0 = 1.4535, n 2 = 3.2 · 10 −16 cm 2 /W for λ 0 = 790nm and n 0 = 1.4496, n 2 = 2.46 · 10 −16 cm 2 /W for λ 0 = 1070nm. We bring NLSE (1) to the dimensionless form
by the scaling transformation (x, y) → (x, y)w 0 , z → 2zkw 2 0 and ψ → ψn
, where w 0 is of the order of the waist of each input laser beam.
We also assume that the diameter of input beams in physical units is large enough for the applicability of NLSE (2) (it is sufficient for it to exceed several microns). All different cases of physical parameters considered below well satisfy this applicability condition.
NLSE (1) describes the catastrophic self-focusing (collapse) of a the laser beam [11, 12] , provided the power P trapped in the collapse exceeds the critical value
Here, N c ≡ 2π R 2 rdr = 11.7008965 . . . is the critical power for NLSE (2) in dimensionless units and R(r), r ≡ |r| is the radially symmetric Townes soliton [13] . The Townes soliton is defined as the ground state soliton of NLSE, ψ = e iz R(r), that is the solution of
centered at r = 0. In fused silica, P c 2MW for λ 0 = 790nm and P c 4.7MW for λ 0 = 1070nm. In air, P c 2.4GW for λ 0 = 790nm. Assume that N linearly polarized laser beams enter a Kerr medium at z = 0, as shown in Fig. 1 . (We note that generalization to a case of arbitrary polarization is possible but is beyond the scope of this paper.) The initial condition for NLSE (2) is the superposition of the super-
Here r 0 , A n , φ n and r n are the width, the amplitude, the phase, and the location of the center of the nth beam, respectively. All beams have the same amplitude, A = A n . In simulations with 3 or 7 beams, the beams of radius r 0 = 2 are spaced at the distance d = 4.5 between their centers, see Fig. 1b . In 127-beam simulation, the beams with r 0 = 0.2 and spacing d = 0.5 are packed in the hexagon pattern. The phases φ n vary between simulations. For simulations with 3 and 7 beams, we use φ n = k n,⊥ · (r − r n ), where the transverse wavevectors k n,⊥ have the same absolute value, k n,⊥ = k ⊥ , and are pointed to the origin so that k n,⊥ = −k ⊥ r n /|r n |. The only exception is the beam at the center for 7-beams case, where k n,⊥ = 0. This phase distribution mimics the beams of constant phase entering the media at converging angles. In simulations with 127 beams, each beam has the plane wavefront with the constant phase φ n = − 1 2 χr 2 n , so that the collection of all beams imitates the quadratic phase of a single pre-focused wide beam with the diameter D schematically shown by the dotted line in Fig. 1b .
To model nonlinear propagation, we use 4th order pseudospectral split-step method with adaptive resolution up to 5120 × 5120 gridpoints in r and adaptive stepping in z. Except for more sophisticated initial conditions, the major difference with earlier simulations [8] that we either did nor used the waveguide or used waveguide (modeled by linear potential in the circular form) of the diameter above 3 of the total initial diameter of all combined beams. Unless specified, the size of each simulation was chosen to be large enough to avoid influence of of waveguide or domain boundaries on the resulting solutions.
Our choice of the combined power and distribution of all initial beams ensures strong selffocusing along z with the formation of the high amplitude beam (the collapsing filament) centered at r = 0. The collapse is well approximated by the rescaled Townes soliton [13] :
where L(z) is the z-dependent beam width. The explicit form of L(z) dependence was found in Ref. [14] , where it was confirmed that collapses with Gaussian initial conditions agree with L(z) starting from the amplitude |ψ| about 3-4 times above the initial value. In a similar way, the optical turbulence dominated by collapses [15, 16, 17, 18] results in well defined filaments of the form (5) as their amplitudes exceed the background values in 3-4 times. Combining of multiple beams, however, delays the formation of the solution (5) and typically requires 5-10 fold increase of initial amplitude to approach a diffraction-limited beam, as detailed Table 1 .
Beam quality of the combined beam and effect of fluctuations of initial beam phases
We assume that after propagation through Kerr medium, the combined beam exits the medium at z = z exit and propagates in vacuum for z > z exit . Note that the beam exits nonlinear medium before it would reach nonlinear focus at z = z sf if nonlinear medium were extended, ie.e we always choose z exit < z sf , as shown in Fig. 1a . We measure the beam quality factor M 2 by fitting the effective width of the beam at z > z exit with a quadratic function [19] ,
Eq. (6) with M = 1 is the exact solution for the propagation of a Gaussian beam in the vacuum. For non-Gaussian beams M 2 > 1. For general non-Gaussian beams the quantities w 0 , M 2 and z 0 are determined from the fit as follows. At the first step, we choose a range of z such that w 2 (z) changes about twice compared with w 2 0 to determine w 0 , M 2 = M 2 short and z 0 . At the second step, we use a range of z where w 2 (z) increases ∼ 100 times to fit for a new value of M 2 = M 2 long , with w 0 and z 0 obtained in the first fit. This scheme is different from proposed in [19] by using these two scales in z. Note that if a significant noise is present in the system, then the integration (6) can be done over areas where light intensity I = |ψ| 2 exceeds a cutoff value, |ψ| 2 ≥ I cutoff , as suggested in Ref. [19] . However, we found that the cutoff introduces ambiguity in determining M 2 , so we choose to integrate in (6) over the entire cross-section. To ensure good quality of the beam, we assumed that a diaphragm that removes all components with r > r d = 3L(z exit ) is installed at z = z exit . Here, L(z) is determined by the rescaled Townes soliton (4), (5) as L(z) = R(0)/|ψ(0, z)|, where R(0) = 2.20620 . . . [14] . Note that the diaphragm also removes the oscillating tails of Townes solition [14] , so the power of the filtered exit beam, P d , is lower that the input power P and can fall below P c .
Typical dependence w(z) in vacuum, obtained using Eq. (6), is shown in Fig 1c with M 2 ≡ M 2 long and P = 2P c . The results of our simulations, summarized in Table 1 , demonstrate very good quality of the combined beams, while propagation of the same input beams without selffocusing results in very low beam quality as shown in Fig. 1c . For a given input power, the increase of the pre-focusing parameter χ allows to significantly reduce z exit while keeping very good values of M 2 , although sometimes at the expense of reducing P d . The input power can be reduced even further (as least to 1.6P c ) if a Kerr waveguide is used instead of a slab of Kerr medium.
Last two columns of Table 1 provide physical values for the Kerr medium thickness,z exit , and the input diameter,D, of all combined beams, as shown in Fig. 1b . To find these values we use n 0 = 1.4496, and n 2 = 2.46 · 10 −16 cm 2 /W for fused silica at λ 0 = 1070nm, which corresponds to the wavelength of the commercially available 100kW continuous-wave (cw) fiber laser [4] . We have also assumed that the maximum of intensity at z = z exit is I = I thresh 5 · 10 11 W/cm 2 . The value for I thresh is obtained in experimental measurements of the optical damage threshold in fused silica for 8 ns pulses [20] . If shorter pulses are considered then the threshold is increased, e.g. I thresh ∼ 1.5 · 10 12 W/cm 2 for 14ps pulses [20] , while cw operation requires I thresh ∼ 10 9 W/cm 2 [21] . To use these alternative values, one need to re-evaluate the last two columns of Table 1 according to scaling used in Eq. (2) . Note that neglecting contribution from a group velocity dispersion in Eq. (2) is justified for pulse durations above ∼ 1ps for z exit not exceeding several meters, as estimated in Ref. [8] . Contributions of stimulated Brillouin scattering and stimulated Raman scattering are estimated in Ref. [8] .
We also studied a sensitivity of M 2 to 10% random fluctuations of input beams phases and found that M 2 changes by less that 1%, while the amplitude of the output beam is slightly reduced. Thus, the parameters of Table 1 ensure that no catastrophic collapse is possible for any random distribution of initial phases and optical damage of Kerr medium can be avoided. Table 1 . Properties of self-focused beams formed by combining 3, 7, or 127 beams with total input power P = 2P c : radial component of the wave vector, k ⊥ (for the 3-beam and 7-beam cases) or phase shift parameter χ (for the 127-beam case); maximum amplitude at the exit from nonlinear medium, |ψ exit | ≡ |ψ(0, z exit )|; ratio of exit amplitude to input amplitude, |ψ exit /ψ 0 | ≡ |ψ exit |/ max r |ψ(r, 0)|; quality of the exit beam filtered by the diaphragm of radius r d = 3L(z exit ), measured at short distances M 2 short and at long distances M 2 long ; power of the exit beam filtered by the diaphragm, P d ; thickness of the slab of the medium,z exit , and total diameter of input beams,D, both in physical units. Herẽ z exit = (0.1376 cm)z exit |ψ exit | 2 andD = (0.0180 mm)D|ψ exit | for the intensity maximum I = 5 · 10 11 W/cm 2 at z = z exit .
Conclusion
In conclusion, we demonstrated the possibility of nonlinear beam combining by propagating multiple laser beams in a Kerr medium with realistic parameters. Table 1 shows that one can scale the medium thicknessz exit down to ∼ 1cm and the medium width down to ∼ 1mm in fused silica with λ 0 = 1070nm. Further improvements are possible if going beyond a flat distribution of amplitudes of input beams. Strong self-focusing forms a single beam of high quality with the power close to critical power of self-focusing. We demonstrated that random fluctuations 10% of the beams phases do not alter the obtained results. Note that if one allows the beams' phases to be completely random, then instead of a slab of Kerr medium a significantly longer waveguide is needed to achieve beam combining [8] .
